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Measure and Integration: Practice Final Exam 2020-21

(1) Consider the measure space [1,∞),B([1,∞]), λ) where B([1,∞]) is the Borel σ-algebra and λ is
the Lebesgue measure restricted to [1,∞). Show that

lim
n→∞∫[1,∞)

n sin(x/n)

x3
dλ(x) = 1.

(Hint: lim
x→0

sin(x)/x = 1)

(2) Let (X,A, µ) be a measure space, and p, q ∈ (1,∞) and r ≥ 1 be such that 1/r = 1/p + 1/q. Show
that if f ∈ Lp(µ) and g ∈ Lq(µ), then fg ∈ Lr(µ) and ∣∣fg∣∣r ≤ ∣∣f ∣∣p ∣∣g∣∣q.

(3) Consider the function u ∶ (1,2) × R → R given by u(t, x) = e−tx
2

cosx. Let λ denotes Lebesgue

measure on R, show that the function F ∶ (1,2) → R given by F (t) = ∫
R
e−tx

2

cosxdλ(x) is

differentiable.

(4) Consider the measure space (R,B(R), λ), where B(R) is the Borel σ-algebra, and λ Lebesgue

measure. Let k, g ∈ L1(λ) and define F ∶ R2 → R, and h ∶ R→ R by

F (x, y) = k(x − y)g(y).

(a) Show that F is measurable.
(b) Show that F ∈ L1(λ × λ), and

∫
R×R

F (x, y)d(λ × λ)(x, y) = (∫
R
k(x)dλ(x))(∫

R
g(y)dλ(y)) .

(5) Consider the measure space (R,B(R), λ), where B(R)) is the Borel σ-algebra and λ is Lebesgue

measure. Let f ∈ L1(λ) and define for h > 0, the function fh(x) =
1

h
∫[x,x+h]

f(t)dλ(t).

(a) Show that fh is Borel measurable for all h > 0.
(b) Show that fh ∈ L

1(λ) and ∣∣fh∣∣1 ≤ ∣∣f ∣∣1.

(6) Let (X,A, µ) be a measure space, and p ∈ [1,∞). Let f, fn ∈ Lp(µ) satisfy lim
n→∞ ∣∣fn − f ∣∣p = 0,

and g, gn ∈M(A) satisfy lim
n→∞ gn = g µ a.e. Assume that ∣gn∣ ≤M , where M > 0 is a real number.

Show that lim
n→∞ ∣∣fngn − fg∣∣p = 0.
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