
Solution of Exercise0.1

(i) ��� � implies0 � � 2
1  � 2

2

(� 1 � � 3

�M� 2
3, therefore0 � 1 � � 3, thatis, � 3 � 1.

(ii) If � 3

 1 ��� 2, then1 � � 3


 � 2. Accordingly, for ��� � ,

� 2
1  � 2

2

N� 1 � � 3

�M� 2
3

 ( � � 1 ��� 2 � )2 $ so ���

1 $ � 2
��
 � � 1 ��� 2 ��� cos&*$ sin & � $

for suitable & � R, on accountof the parametrizationof a circle by trigonometricfunctions.
Thusweobtain ��� im �� !� . Conversely, for every ��� im �� �� ,
� 2

1  � 2
2

 (� � 1 �O� 2 � )2 and � 1 � � 3

�M� 2
3

 � 2 � 1 �O� 2 � 2 $ thatis �����	��
 0 �

(iii) Suppose,for P � R2,

,  -� �%$'& � P 

� 1 � 3� 2 � cos&Q�)� � 1 ��� 2 � sin &� 1 � 3� 2 � sin & � � 1 �O� 2 � cos&

� 2� 0

P 1

P 2



R
R

� 2� P 1


 0
0
0

�

If � K
 0, it follows that P 1

 0. Thetwo topequationsabove thengive

P 2 � � 1 ��� 2 � sin & 
 P 2 � � 1 �O� 2 � cos& 
 0 $ so � � 1 ��� 2 � P 2

 0 �

Accordingly, if �TS�T� � 1 $ 0 $ 1 � , then P 2

 0 too; andtherefore is immersive in this case.On

theotherhand,

,  #��+ 1 $'& ��
 � 2
cos& 0
sin & 0+ 1 0

$ ,  -� 0 $*& ��

cos& 0
sin & 0

0 0
$

which shows thatall threeof thesemappingsin Lin � R2 $ R3 � have a one-dimensionalkernel. It
is directfrom thedefinitionthat  #��+ 1 $'& ��
 0 and  #� 0 $'& ��
/. , for all & � R.

(iv) Wehave, for ��� � ,

, �����	��
N� 2� 1 $ 2� 2 $U� 2� 3  3� 2
3
�V� Lin � R3 $ R � �

Thismappingfails to besurjectiveonly if all its entriesequal0, which is thecaseonly if �:
 0
(thesolutionwith � 3


 2
3 doesnotbelongto � ). Hence,� is submersiveatall pointsof �W4 � 0� ;

andon thestrengthof theSubmersionTheoremwe now obtainthat � is a 1 2 manifoldin R3

of dimension2 atall of its points,with thepossibleexceptionof thepoint0.

4

Dit tentamen is in elektronische vorm beschikbaar gemaakt door de TBC van A–Eskwadraat.
A–Eskwadraat kan niet aansprakelijk worden gesteld voor de gevolgen van eventuele fouten
in dit tentamen.
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Solution of Exercise0.2

(i) � 2  26 1
�  6 2


X��� � � 1
����� � � 2

�L
�� 2 � ��� 1  � 2
�M�  � 1

�
2 implies 6 1


 � 1
2
���

1  � 2
� and

6 2

/�

1
�

2.

(ii) Thecoefficientsof
< ���	� aresymmetricin � 1 and � 2. Horizontallinesareof theform �M��� R2 �

�
2

 constant� .

(iii) Suppose6 
 < ���	� , thatis, 26 1

 � � 1 � � 2 and 6 2


/�
1
�

2. Then

2� 2 6 1

 � � 1

�
2 � � 2

2

 � 6 2 � � 2

2 $ so 8 ��� 2 $ 6 ��
 0 $ thatis 6 2

 � 2� 2 6 1 � � 2

2 Y
andthisshows that 6 belongsto thestraightline

@ ���
2
� in R2 of slope � 2� 2.

(iv) Wehave

, < ���	��
 � 1
2 � 1

2�
2

�
1
$ det , < ���Z��
 �

1

2
���

1 � � 2
��
 0 
\[ �

1

��

2 �

Hence B 
]�>���
2 $ � 2

��� R2 � �
2
� R � , the diagonalin R2. Now � 6 1 $ 6 2

�T
 < ���
2 $ � 2

�^

� � � 2 $ � 2

2
� satisfies6 2

1

�� 2

2

 6 2, which implies

E 
 < � B � � � 6 � R2 � 6 2
1 � 6 2


 0 � 
T� E_�
Conversely, if 6 2

1

 6 2, thenwe have 6 2 7 0; hencethereexists � 2

� R satisfying 6 2

`� 2

2.
Then 6 2

1

a� 2

2, having a solution 6 1

 � � 2, that is, 6 
 < ���

2 $ � 2
� . It follows that Ea�aE and

thereforeE 
 E .

(v) Indeed,given 6 � � , the systemof equations� 1  � 2

 � 26 1 and � 1

�
2

 6 2 for �b� R2 is

equivalentto thesystem� 2
1  26 1

�
1  6 2


 0 and � 2

 � � 1 � 26 1. The latter systemhasa

solution��� R2 4ZB , because6 � � representsthewell-knowndiscriminantcriterionfor 8 ��9 $ 6 �
having two distinctrealroots.Hence6 
 < ���	� , andtherefore6 � @ ��� 1

��I @ ���
2
� with � 1 K
/� 2.

(vi) Consider6 � @ ��� 2
�!I E . Accordingto part (iv) thecondition 6 � E implies theexistenceof�

2
� R suchthat 6 
 < � � 2 $ � 2

� . Furthermore,thecondition 6 � @ ��� 2
� now gives

0 
/� 2
2 � 2� 2

�
2  � 2

2

(���

2 � � 2
� 2 $ so �

2

 �

2 $ hence 6 
 < ��� 2 $ � 2
� �

Thetangentline of E at
< ���

2 $ � 2
� is thesetof 6 � R2 satisfying

� 26 1 $U� 1� 6 
(� � � 2 $ � 2
2
�
6 1

6 2


 � � 2� 2 6 1  6 2
��
 0 �

Asaconsequence,thegeometrictangentlineof E at
< ���

2 $ � 2
� equals� 6 � R2 � 2� 2 6 1  6 2


�c �
where cd� R is determinedby ce
 � 2� 2

2  � 2
2

 � � 2

2; in otherwords,thegeometrictangent
line equals

@ ���
2
� .

(vii) Obvious.
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